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(13 + 1)(23 + 1) · · · (n3 + 1) is not a cube∗
Chuanze Niu†
Abstract
For a positive integer n, define
Cn =
n∏
k=1
(k3 + 1).
In this paper we prove that there are no cubes in the integer sequence Cn, n = 1, 2, · · · .
Keywords: Cubes, the p-adic orders, the distribution of prime numbers
MSC2003: 11D25; 11D45
1 Introduction
Let f(x) = axd + b be a polynomial of degree d in Z[x]. Define the consecutive product of the
sequence f(k), k = 1, 2, · · · , by Cn(f) =
∏n
k=1 f(k). It is interesting to discuss whether Cn(f) is a
d-th power of integers or not.
When f(x) = x2 + 1, Javier Cilleruelo [1] proved that Cn(f) is a square only for n = 3 using
the analytic methods and answered the conjecture proposed by [2]. More generally, Yang, et al. [3]
showed that there are finitely many squares in Cn(f) when d = 2 and (a, b) = 1, 1 ≤ a ≤ 10 and
1 ≤ b ≤ 20. Under ABC conjecture, Zhang [4] proved Cn(f) is not a d-th power for n large enough,
where d = 2l · 3m with l ≥ 1, l + m ≥ 2, ab 6= 0 and such that f(k) 6= 0 for any k ≥ 1. When
f(x) = x2 − 1, Hong [5] proved that there are infinitely many n such that Cn(f) is a square using
Dirichlet’s unit theorem.
As can be seen, when f is of degree 2, there exists many celebrate results. In this paper, we
assume f(x) = x3 + 1 and let Cn = Cn(f), drawing on the idea of Cilleruelo [1], we show that Cn
is never a cube, the main result is the following theorem.
Theorem 1.1. For any positive integer n, the value Cn = (1
3+1)(23+1) · · · (n3+1) is not a cube.
As a corollary of the main theorem, we get the following result.
Corollary 1.2. The Diophantine equation
y3 =
n∏
k=1
(k3 + a3)
has no solutions with a = 1.
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2 Preliminaries
In this section, we do some preparations that used to prove the main theorem of this paper which
include the upper bound of the p-adic order of Cn and the upper bound of the distribution function
π(x) of primes. We always assume n ≥ 4 since one may check C1, C2 and C3 are not cubes easily.
Let p be a rational prime number, the p-adic order of a positive integer n is denoted by ordp(n),
then n =
∏
pordp(n), where the product runs through all prime factors p of n. Note that
ordp(n) =
∑
1≤j≤ logn
log p
χ(pj|n),
where χ(pj|n) equals 1 or 0 depending on whether n is divisible by pj or not, then
ordp(Cn) =
∑
1≤j≤ log(n
3+1)
log p
♯{1 ≤ k ≤ n| pj|(k3 + 1)}. (2.1)
Lemma 2.1. If p = n+ 1 is a prime factor of Cn, then ordp(Cn) = 1.
Proof. Since p = n + 1, we have ordp(n
3 + 1) ≥ 1. If ordp(n
3 + 1) > 1 then p|(n2 − n + 1) and
therefore p divides (n + 1)2 − (n2 − n + 1) = 3n, which is a contradiction since p > n > 3. We
claim that there are no integers k with 1 ≤ k < n such that p|((n− k)3 + 1). Otherwise, p divides
n3 + 1− (n− k)3 − 1 = 3nk(n − k), which is impossible. Therefore,
ordp(Cn) = ordp(n
3 + 1) = 1.
This completes the proof.
In the proof of Lemma 2.1, we see in the sequence k3 + 1, k = 1, 2, · · · , the first term that
divisible by a prime p is (p− 1)3 + 1.
Lemma 2.2. If p > n+ 1 is a prime factor of Cn, then ordp(Cn) ≤ 2.
Proof. Note that p > k+1 and p2 > k2−k+1, we see p2 can not divide k3+1 for positive integers
k ≤ n. Therefore ordp(k
3 + 1) = 0 or 1.
If p|(k3 +1) and p|(l3 +1) for 1 ≤ l < k ≤ n, then p|(k2 − k+1) and p|(l2 − l+1) which yields
that p|(k− l)(k+ l−1). Therefore p|(k+ l−1) and it leads to k+ l−1 = p since 1 ≤ k+ l−1 < 2p.
So k and l are determined by each other. The number of those k such that p|(k3 +1) is at most 2,
thus by Equation (2.1), ordp(Cn) ≤ 2. The proof is done.
Proposition 2.3. Let p be a prime factor of a cube Cn, then p ≤ n.
Proof. Note that for a prime factor p of a cube Cn, ordp(Cn) ≥ 3. The proposition follows from
Lemmas 2.1 and 2.2.
By Proposition 2.3, one can rewrite a cube Cn as the product of primes p ≤ n, i.e.,
Cn =
∏
p≤n
pordp(Cn).
Next we always assume f(x) = x3 + 1 and we shall discuss the number of the roots of f(x) ≡
0(mod pj) for any positive integer j.
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Lemma 2.4. f(x)(mod p) has 3 different roots if p ≡ 1(mod 3) while it has exactly 1 root if
p ≡ 2(mod 3).
Proof. Note that x ≡ −1(mod p) is a trivial solution of f(x) ≡ 0(mod p) and it is the unique
solution if p = 2. For p ≥ 5, consider the congruence
x2 − x+ 1 ≡ 0(mod p). (2.2)
It is equivalent to
(2x− 1)2 ≡ −3(mod p). (2.3)
Therefore Equation (2.2) has no solutions if the Lengerde symbol
(
−3
p
)
= −1, while it has 2 different
solutions if
(
−3
p
)
= 1. By Gauss reciprocity law,
(−3
p
)
=
(−1
p
)(3
p
)
= (−1)
p−1
2 (−1)
p−1
2
(p
3
)
=
(p
3
)
.
The lemma follows since
(
p
3
)
equals −1 if p ≡ 2(mod 3) and equals 1 if p ≡ 1(mod 3).
Lemma 2.5. If p 6= 3, then the number of the roots of f(x)(mod p) equals to the number of the
roots of f(x)(mod pj) for any positive integer j.
Proof. Note that f(x) = x3+1 ≡ 0(mod p) and f ′(x) = 3x2 ≡ 0(mod p) have no common solutions
if p 6= 3, then the lemma follows by Hensel’ Lemma (or see [6], section 8.3).
Lemma 2.6. x3 + 1 ≡ 0(mod 3j) has 3 different roots for any integer j ≥ 2.
Proof. Work by induction on j.
When j = 2, the roots of x3 + 1 ≡ 0(mod 32) are x ≡ 2, 5, 8(mod 32).
Assume the roots of x3+1 ≡ 0(mod 3j) are x ≡ 3j−1− 1, 2 · 3j−1− 1, 3j − 1(mod 3j). Next we
show the roots of x3+1 ≡ 0(mod 3j+1) are x ≡ 3j − 1, 2 · 3j − 1, 3j+1− 1(mod 3j+1). It suffices to
show that ξ3 + 1 6≡ 0(mod 3j+1) when ξ = 3j−1 − 1, 2 · 3j−1 − 1. Take ξ = 3j−1 − 1 as an example
and the other case could be checked similarly. Note that 3j − 3 ≥ j + 1 and 2j − 1 ≥ j + 1,
(3j−1 − 1)3 + 1 = 33j−3 − 32j−1 + 3j ≡ 3j 6≡ 0(mod 3j+1).
This completes the proof of Lemma 2.6.
Remark 1. In fact, we can also show for any prime p and positive integer j, xp+1 ≡ 0(mod pj+1)
has exactly p different roots x ≡ ipj − 1(mod pj+1), 1 ≤ i ≤ p.
Proposition 2.7. Let i be any integer. For any positive integer j, f(x) ≡ 0(mod pj) has only 1
solution in the interval [i, i + pj − 1] if p ≡ 2(mod 3), whereas it has at most 3 different solutions
in [i, i+ pj − 1] for other p’s.
Proof. The proposition follows from Lemmas 2.4, 2.5 and 2.6.
Remark 2. In the sequence k3 + 1, k = 1, 2, · · · , when p ≡ 2(mod 3), the first three terms
that divisible by p are (p − 1)3 + 1, (2p − 1)3 + 1 and (3p − 1)3 + 1. Therefore Cn is not a cube if
p− 1 ≤ n ≤ 3p − 2.
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As an immediate consequence of Equation (2.1) and Proposition 2.7, we get the upper bound
of ordp(Cn).
Proposition 2.8. We have
ordp(Cn) ≤


∑
1≤j≤ log(n
3+1)
log p
⌈
n
pj
⌉
, p ≡ 2(mod 3);
3
∑
1≤j≤
log(n3+1)
log p
⌈
n
pj
⌉
, p 6≡ 2(mod 3),
where ⌈x⌉ denotes the least integer that is greater than or equals to x.
The inequality Cn > (n!)
3 which is the technique that is used in [1], that is, combining Propo-
sition 2.8, we can deduce a bound for the sum of log p
p−1 for prime numbers p ≤ n in arithmetical
progression when Cn is a cube. We end this section by recalling a result on the distribution of
prime numbers. Let π(x) be the number of primes which do not exceed x.
Lemma 2.9. If x > 10000, then
π(x) <
1.139x
log x
.
Proof. See Lemma 2.5 in [3].
3 Proof of Theorem 1.1
It is easy to see that
ordp(n!) =
∑
1≤j≤ logn
log p
[ n
pj
]
,
where [x] is the greatest integer not exceeding x. When p ≤ n, we have
ordp(n!) ≥
∑
1≤j≤ logn
log p
( n
pj
− 1
)
≤
n− p
p− 1
−
log n
log p
≤
n− 1
p− 1
−
2 log n
log p
. (3.1)
Proof of Theorem 1.1. Note that
∏
p≤n
pordp(Cn) >
∏
p≤n
p3ordp(n!),
take logarithm on both sides, we get
∑
p≤n
ordp(Cn) log p > 3
∑
p≤n
ordp(n!) log p.
Then ∑
p≤n
p≡2(mod 3)
(ordp(n!)−
1
3
ordp(Cn)) log p <
∑
p≤n
p 6≡2(mod 3)
(
1
3
ordp(Cn)− ordp(n!)) log p.
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By Proposition 2.8 and Equation (3.1), when p 6≡ 2(mod 3), we have
1
3
ordp(Cn)− ordp(n!) ≤
∑
1≤j≤
log(n3+1)
log p
⌈ n
pj
⌉
−
∑
1≤j≤ log n
log p
[ n
pj
]
≤
∑
1≤j≤ logn
log p
(⌈ n
pj
⌉
−
[ n
pj
])
+
∑
log n
log p
<j≤
log(n3+1)
log p
⌈ n
pj
⌉
≤
∑
1≤j≤ logn
log p
1 +
∑
log n
log p
<j≤
log(n3+1)
log p
1
≤
log(n3 + 1)
log p
;
when p ≡ 2(mod 3), we have
ordp(n!)−
1
3
ordp(Cn) ≥
∑
1≤j≤ log n
log p
[ n
pj
]
−
1
3
∑
1≤j≤
log(n3+1)
log p
⌈ n
pj
⌉
=
2
3
∑
1≤j≤ logn
log p
[ n
pj
]
+
1
3
∑
1≤j≤ logn
log p
(
[ n
pj
]
−
⌈ n
pj
⌉
)−
1
3
∑
log n
log p
<j≤
log(n3+1)
log p
⌈ n
pj
⌉
≥
2
3
·
n− 1
p − 1
−
4
3
·
log n
log p
−
1
3
·
log(n3 + 1)
log p
.
Therefore, we have
2(n− 1)
3
∑
p≤n
p≡2(mod 3)
log p
p− 1
≤
∑
p≤n
p 6≡2(mod 3)
log(n3 + 1) +
4
3
∑
p≤n
p≡2(mod 3)
log n+
1
3
∑
p≤n
p≡2(mod 3)
log(n3 + 1)
≤
2
3
∑
p≤n
p 6≡2(mod 3)
log(n3 + 1) +
4
9
∑
p≤n
p≡2(mod 3)
log(n3 + 1) +
1
3
∑
p≤n
log(n3 + 1)
=
2
9
∑
p≤n
p 6≡2(mod 3)
log(n3 + 1) +
4
9
∑
p≤n
log(n3 + 1) +
1
3
∑
p≤n
log(n3 + 1)
≤ π(n) log(n3 + 1).
Therefore ∑
p≤n
p≡2(mod 3)
log p
p− 1
≤
3
2(n − 1)
π(n) log(n3 + 1).
Now using the upper bound of π(x) in Lemma 2.9, when n > 10000,
∑
p≤n
p≡2(mod 3)
log p
p− 1
≤
3.417
2
·
n
n− 1
·
log(n3 + 1)
log n
.
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After computations, the right-hand side is < 5.2 if n ≥ 10000. Adding over enough prime numbers
for p ≡ 2(mod 3), we see that for n ≥ 34631,
∑
p≤n
p≡2(mod 3)
log p
p− 1
≥ 5.2.
Hence Cn is not a cube when n ≥ 34631. For 4 ≤ n ≤ 34631, by Remark 2, we consider the following
primes that congruent to 2 modulo 3,
5, 11, 29, 83, 233, 683, 2039, 6113, 18329,
which corresponding intervals such that Cn are not cubes if n lies in them:
[4, 13], [10, 31], [28, 85], [83, 247], [232, 697], [682, 2047], [2038, 6115], [6112, 18337], [18328, 54985].
Therefor Cn is not a cube if 4 ≤ n ≤ 54985, this completes the proof.
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